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The weakly bound diatomic systems 4He2 and 4HeH2 have been found able to support only one
bound state for J50, although the latter also supports an additional bound state for J51. In the
present paper we, therefore, study the structure of the bound states which might exist for the weakly
bound triatomic 4He2H2, in its J50 state, by describing the full potential as a simple addition of
two-body ~2B! interactions. We carry out bound state calculations using both Jacobi coordinates
within a discrete variable representation ~DVR! and pair coordinates with a distributed Gaussian
function ~DGF! expansion. The system is shown to possess two bound states with respect to its
lower dissociation threshold and two further ‘‘ghost’’ states before the complete break-up threshold.
The spatial structures of such states and of the floppy complex are analyzed in detail, as is the
possibility of detecting Efimov-type states in such a weakly bound aggregate. Finally, the inclusion
of three-body ~3B! forces in the description of the full interaction and its effect on the number of
possible bound states is also discussed. © 2001 American Institute of Physics.
@DOI: 10.1063/1.1352034#I. INTRODUCTION
The experimental use of supersonic jets has been very
successful over the last two decades in generating beams of
cold, and nearly isolated, molecules,1–3 thereby providing a
great deal of information on the energetics and structural
properties of very weakly bound molecular species. The abil-
ity to cool molecules below 1 K indeed facilitates the explo-
ration of ultracold molecular physics and ultracold collisions,
as has been shown by recent research.4–7 As an example of
it, small bosonic helium clusters, 4HeN , have been the sub-
ject of many experimental and theoretical studies and the
existence of weakly bound 4He dimers has been suggested
over the years by independent experiments.8,9 The more re-
cent transmission grating observations10 also provide a
promising technique to study 4HeN clusters with N up to
about 20–30 atoms, thereby indicating in a quantitative way
the relative stabilities of these very weakly molecular spe-
cies.
The interest on the properties of such ‘‘molecules’’ is
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bility of proving the existence of polyatomic aggregates with
several atoms hinges on our capability of also showing, via
computational modeling, the specific features of these un-
usual bound species and the expected values of the binding
energies for their ground and excited states. An illuminating
review of such methods11 and some of the results for specific
cases12,13 have been already published in recent years and
we, therefore, refer any interested reader directly to them
without giving here any further detail.
Among the variety of studied systems the clusters of 4He
possess a rather rich and intriguing set of properties related
to their very weak interaction forces and to their weak re-
sponse to external fields induced by additional atomic and
molecular ‘‘impurities.’’ The latter species, in fact, could be
added to the initial helium cluster by taking advantage of the
ease with which these aggregates can pick up one or more of
such impurities.14 In the present study we specifically intend
to analyze in some detail the structural consequences of add-
ing to the simplest 4He cluster, the helium dimer, one of the
ionic impurities which has been already shown to interact
with one 4He atom through a very weak potential, i.e., the
H2 impurity.15
The problem here, in fact, is to analyze the overall spa-
tial shape of this special triatomic ion and to establish the
number and nature of the bound states of this system in order
to relate the present findings with those already obtained and
discussed by us for another impurity that shows similarly0 © 2001 American Institute of Physics
 Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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species.16,17
The present study is organized as follows: The next Sec.
II briefly describes the interaction potentials which we em-
ploy in this work while Sec. III reviews the computational
methods used to obtain the bound states and the spatial fea-
tures of the triatomic ion. Section IV reports the results and
analyzes them in some detail, while in Sec. V we discuss the
consequences of scaling the strength of the potential-energy
surface in the search for Efimov-type states. Since the num-
ber of bound trimer states can change with the potential, in
Sec. VI we report some preliminary ab initio calculations of
the full interaction when the 3B effects are also included.
Our conclusions are finally summarized in Sec. VII.
II. THE POTENTIAL-ENERGY SURFACE PES
The study of the 4HeH2 interaction has been recently
revived because of the corresponding interest in the isoelec-
tronic 4He2 dimer and, as mentioned before, its bound state
features. The negative ionic character of 4HeH2, however,
leads to a very different two-body ~2B! interaction with re-
spect to the neutral dimer and, therefore, to a very different
potential-energy curve. Since the H atom has a sizeable elec-
tron affinity ~0.7542 eV! while the He2 system is unstable,
the two-particle system will preferably have He1H2 as its
lower dissociating threshold for the ground electronic state.15
Hence, the charge-induced interaction at large distances will
behave as proportional to R24 and, therefore, will go to zero
more slowly than the dispersion interaction in 4He2 .
The recent full-configuration-interaction ~FCI!
calculations15 on the 2B potential have produced a very ac-
curate description of it, suggesting a rather small well depth
of the potential ~;4.0 cm21!, a large value of the distance
where the minimum is located ~about 13 bohr! and a very
long tail for the vibrational ground-state wave function. The
calculations also showed the presence of an excited rota-
tional state with J51 in addition to the single bound state
found for J50.
Another recent calculation on the same system18 adopted
instead a model potential approach and assumed the full
4HeH2 interaction to consist of the pair interactions between
the extra electron and the two atomic partners. The authors
of Ref. 18, therefore, solved the one-electron diatomic mo-
lecular ion, within the Born–Oppenheimer ~BO! approxima-
tion, by using spheroidal coordinates to obtain a two-
dimensional eigenvalue equation at each internuclear
separation R and by then solving the ensuing equation with
the use of two-dimensional B-Spline functions.18 Because of
the marked differences between the two methods, the com-
puted data do not agree quantitatively with each other al-
though the qualitative conclusions are very similar. We sum-
marize in Table I the results given by the two methods for
the properties of this dimer. In the present work we have
used for the 4He–H2 interaction the FCI calculations via the
analytical fit employed by Casalegno et al.19 in recent Monte
Carlo ~MC! calculations for (He)NH2 clusters. For the 4He2
interaction potential we have adopted the one proposed by
Aziz and Slaman20 as in our previous calculations.16,17,21,22Downloaded 23 May 2013 to 161.111.22.69. This article is copyrighted as indicated in the abstract.We report in Fig. 1 the relative shapes and strength val-
ues of the 2B potentials considered here: The HeH2 interac-
tion is clearly shallower and more repulsive than the corre-
sponding HeHe potential, as already seen by previous
work.15,18,23 However, the different shape of the long-range
tail of the 2B interaction makes the HeH2 potential capable
of supporting a more strongly bound state which is more
‘‘compact’’ in space, albeit still very diffuse, than the corre-
sponding bound state of 4He2 .21
The simplest construction of a three-body ~3B! interac-
tion potential for the trimer is to treat the system as a sum of
2B interactions between partners
V~R1 ,R2 ,R3!5@VHeH2~R1!1VHeH2~R2!
1VHeHe~R3!# . ~1!
Due to the relative weakness of each 2B potential this may
not be an unrealistic ansatz. It is the one which has been used
in all the previous calculations for this trimer.19,23
TABLE I. Computed properties of the 4HeH2 interaction potentials from
Refs. 15 and 18.
2B property Ref. 15 Ref. 18
Rmin /bohr 12.88 11.5
De/cm21 3.22 4.99
e0
J50/cm21 20.4000 20.952
e0
J51/cm21 20.0447 20.393
^R&J50/bohr 22.54 17.9
^R&J51/bohr fl 20.2
FIG. 1. Representation of the atom–atom potentials employed in the present
work. Distances in Å and potential values in cm21. See text for the refer-
ences associated to each potential curve. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
5522 J. Chem. Phys., Vol. 114, No. 13, 1 April 2001 Gianturco et al.FIG. 2. Two-dimensional energy levels for the potential
of Eq. ~1!, using Jacobi coordinates for the complex.
The energy values are given in cm21.In Fig. 2 we present the potential-energy maps obtained
from our potential via Eq. ~1! for the range of available
(R ,r ,u) values as given by writing 2B interactions within a
Jacobi coordinate representation. One clearly sees there the
existence of symmetric, D2h , minima corresponding to the
H2 partner located between 7 and 8 Å away from the mid-
point of the He2 diatomic. However, as we shall further dis-
cuss below, the overall weakness of the full interaction and
the high delocalization of the bound atomic partners makes it
very difficult to analyze the spatial structure of this very
floppy triatomic within the conventional language of rigid
molecular structures.
III. CALCULATION OF THE BOUND STATES
One could approach the construction of the relevant, to-
tal Hamiltonian within a Born–Oppenheimer ~BO! picture as
being given through the Jacobi coordinates described before,
whereby the H2 partner is viewed as weakly bound to an
equally weakly bound 4He2 molecule. One can then employDownloaded 23 May 2013 to 161.111.22.69. This article is copyrighted as indicated in the abstract.the PES of Fig. 2 over a broad range of coordinates and a
rather dense grid of radial and angular values, hence realis-
tically map the physical space within which one expects the
present triatomic molecule to be located.
As is well known, Light and co-workers24,25 have pio-
neered the use of the so-called discrete variable representa-
tions ~DVR’s! in quantum-mechanical problems, a powerful
device which becomes applicable whenever the following
conditions are satisfied: ~i! There exists a basis set
$wn(x);n51,N% onto which one can expand the wave func-
tion of the system, and ~ii! a ~Gaussian! quadrature rule con-
sisting of a set of quadrature points $xn ;n51,N% and
weights $wn ;n51,N% can be used to compute matrix ele-
ments of the relevant operators within the above basis.
Whenever such conditions are satisfied, there exists an iso-
morphism between the finite basis representation ~FBR! into
$wn% and a discrete representation of coordinate eigenfunc-
tions based on the quadrature points. The quadrature points
thus become the eigenvalues of the FBR of the coordinate
operator so that the corresponding eigenvector matrix Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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eigen- functions and the original basis functions.26,27
We have, therefore, carried out calculations of the bound
states for the 4He2H2 system by using spherical oscillators to
represent the radial basis and Legendre polynomials for the
angular basis.24,28 In order to reach numerical convergence,
we employed 100 functions along the He–He distance ~with
r going from 0 to 80 Å!, also 110 functions along R, which
was varied between 0 and 90 Å, and 24 angular values be-
tween u50° and 90°. The details of the numerical implemen-
tation have been given before25 and will not be repeated here
as we have followed the same procedure.Downloaded 23 May 2013 to 161.111.22.69. This article is copyrighted as indicated in the abstract.An alternative approach to the problem consists in using
atom–atom pair coordinates $R1 ,R2 ,R3%, with the Hamil-
tonian written down in terms of 2B interaction potentials
H5T1(
i51
3
V~Ri!, ~2!
the volume element being R1R2R3dR1dR2dR3 . The corre-
sponding kinetic-energy operator for a system of two identi-
cal particles and a third different partner can be written as16TS52
\2
2m H 1R12 ]]R1 R12 ]]R1 1 1R22 ]]R2 R22 ]]R2 1 2R32 ]]R3 R32 ]]R3 1 R1
22R2
21R3
2
R1R3
]2
]R1]R3
1
R2
22R1
21R3
2
R2R3
]2
]R2]R3J
2
\2
mH
H 2 1R32 ]]R3 R32 ]]R3 1 R1
21R2
22R3
2
2R1R2
]2
]R1]R2
2
R1
22R2
21R3
2
2R1R3
]2
]R1]R3
2
R2
22R1
21R3
2
2R2R3
]2
]R2]R3J , ~3!where m5mHmHe /(mH1mHe). The inclusion of the scale
factor (R1R2R3)1/2 in order to get the standard normalization
of the total wave function C(R1 ,R2 ,R3) leads to the final
Hamiltonian expression which we have given in detail else-
where for the case of zero total angular momentum.17 As in
our previous work, we have expanded the wave function in
terms of a set of distributed Gaussian functions28 ~DGF’s!
which take into account the proper symmetry of the
system.16,17
After careful numerical tests, we have finally employed
a basis of 22 Gaussian functions which depend on each
atom–atom pair coordinate and are centered as follows:
3,3.7,...,12.1,13,14,...,17,20,23, and 26 Å. They are given by
wp~Ri!5S 2App D
1/4
e2Ap~Ri2Rp!
2
, ~4!
where Rp is the center of the pth Gaussian, the corresponding
width being controlled by
Ap5
4b
~Rp112Rp21!2
~5!
with a selected optimal b value of 1.05.
The total wavefunction for the nuclear part of the tri-
atomic system is expanded over a basis function set f j as
Ck~R1 ,R2 ,R3!5(j a j
~k !f j~R1 ,R2 ,R3!, ~6!
where each f j function is a Hartree-type product of three w
Gaussian functions
f j~R1 ,R2 ,R3!5Nlmn
21/2 (
PPS2
P@w l~R1!wm~R2!#wn~R3!.
~7!Here, as in Eq. ~6!, j stands for a collective index j5(l
<m ,n) and R3 represents the He–He distance within the
trimer. In turn, the N normalization factors become
Nlmn52snn~sllsmm1slm
2 !, ~8!
with the si j’s being the overlap integrals
si j5^w iuw j& . ~9!
In order to satisfy the triangular constraint for the mo-
lecular geometries, uR12R2u<R3<(R11R2), then one ac-
cepts in Eq. ~6! only those three-function products for which
the centers of the corresponding DGF’s satisfy the require-
ments: Rn<Rl1Rm and Rm<Rl1Rn . Under such condi-
tions, the selected 22 DGF’s on each coordinate generate a
basis of Hartree products for expansion ~6! that amounts for
a total of 3060 f j’s as defined in Eq. ~7!. In this way, the
deviation from the triangular requirement, as we defined in
Ref. 22, is estimated to be lower than 1%.
The advantage of using pair coordinates consists on the
fact that a variety of spatial indicators, which help us to
better describe the diffuse and floppy nature of trimers, can
be readily estimated. In particular, it is possible to tackle the
study of the spatial positioning of the partner atoms with
respect to the center-of-mass ~c.m.! or to the geometrical
center ~GC! of the trimer molecule. Thus, the distances of the
three atoms to the c.m., in terms of the interparticle coordi-
nates, are
rH–CM5
mHe
M
A2R1212R222R32, ~10!
rHe1–CM5
1
M
AmHmHem0~mHe21R122m021R221mH21R32!,
~11! Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
5524 J. Chem. Phys., Vol. 114, No. 13, 1 April 2001 Gianturco et al.rHe2–CM5
1
M
AmHmHem0~mHe21R222m021R121mH21R32!,
~12!
where M52mHe1mH , m05mHe1mH , and the He atoms
have been labeled 1 and 2. Similarly, the distances of the
three atoms to the GC can be written as
rH–GC5
1
3A2R1212R222R32, ~13!
rHe1–GC5
1
3A2R122R2212R32, ~14!
rHe2–GC5
1
3A2R1212R2212R32. ~15!
The corresponding expectation values, therefore, require
the evaluation of integrals of the form
^CkurX–CuCk&5(
j j8
a j j8
~k !^f jurX–Cuf j8&
5(
j j8
a j j8
~k !(
PP8
Nj j8
21/2^P@w lwm#wnurX–C
3uP8@w l8wm8#wn8& , ~16!
where rX–C is the corresponding distance between the atom
X and the center C ~CM or GC! of the system, a j j8
(k)
5a j
(k)a j8
(k)
and Nj j85NlmnNl8m8n8 . The integrals between
the DGFs can be accurately computed by using
^w lwmwnurX–Cuw l8wm8wn8&’r~R1
†
,R2
†
,R3
†! sll8smm8snn8 ,
~17!
r(R1† ,R2† ,R3†) is here the distance evaluated at the centers
R1
†
, R2
† and R3
† of the Gaussian functions obtained as the
product of the two Gaussian w-functions associated to each
coordinate.
In a similar way, as discussed earlier by us,22 the expec-
tation values for the cosine of the angle associated to each X
atom, ^cos uX&, and higher moments, ^cosn uX&, can be easily
estimated. Another significant quantity is the root-mean-
square ~rms! value of the area ‘‘covered’’ by the trimer,
A^S2&, where S2 can be expressed as
S25 18~R1
2R2
21R1
2R3
21R2
2R3
2!2 116~R1
41R2
41R3
4!. ~18!
Finally, an additional indicator of the contribution of each
triangular structure, j, to the corresponding kth bound state is
provided by a pseudo-weight defined as22
P j
~k !5a j
~k !^Ckuw j&, ~19!
this piece of information is typical of the DGF variational
approach and will be used extensively below to draw physi-
cal information on the shapes of the floppy triatomic com-
plex.
IV. COMPUTATIONAL RESULTS
As mentioned before, several calculations have been car-
ried out recently on the structure of the bound states sup-
ported by the 4He2H2 triatomic complex19,23 and, therefore,
it also becomes of interest to compare the earlier findings
with the present results. Recent variational and diffusion
Monte Carlo calculations ~VMC and DMC!19 have beenDownloaded 23 May 2013 to 161.111.22.69. This article is copyrighted as indicated in the abstract.based on the same potential form as that used by us in Eq.
~1!, that is, the same 2B potential to describe 4HeH2 but a
slightly different 4He2 potential.29 The potential used here
for the 2B He–He interaction,20 however, differs very little
from the latter and, therefore, it is expected to yield a sub-
stantially similar PES for the triatomic complex.
We report in Table II a summary of the eigenvalues
found for the present trimer in its J50 state using the vari-
ous methods discussed above. Since the dissociation thresh-
old of the 4He2 system is ;20.001 cm21, while that for the
4HeH2 system is ;20.4 cm21, it follows that only the first
two energy levels are bound with respect to both asymptotes,
while those for k52 and 3 are bound only with respect to the
higher energy threshold of 4He2 dissociation but are ghost
states with respect to 4He release
4He2H2→4HeH214He. ~20!
We clearly see in Table II how the differences represent-
ing the 4HeH2 potential cause very marked energy differ-
ences within the binding energies of the triatomic system:
Both the number and positions of the bound states found
with hyperspherical coordinates within the adiabatic
approximation23 differ markedly from ours.
On the other hand, the present calculations which use
two entirely different approaches, the DVR treatment and the
DGF expansion, are seen to be in very good agreement with
each other: In fact, the present bound states supported by the
triatomic complex agree within 1% of each other. This indi-
cates convergence of the two methods to the same set of
results. The earlier Monte Carlo calculations19 could only
TABLE II. Calculated 4He2H2 bound states, in cm21, using the methods of
this work. For comparison, earlier results are also presented ~columns 1–3!.
k Hypersphericala VMCb DMCb DVRc DGFc
0 21.1885 21.0565 21.0912 21.0989 21.0902
1 20.5421 20.8563 20.8478
2 20.0037 20.3239 20.3261
3 20.0911 20.0821
aFrom Ref. 18.
bFrom Ref. 19.
cPresent calculations.
TABLE III. Average magnitudes of the triatomic complex when using the
DGF expansion of the present work. Energy in cm21, distances in Å. In
parentheses, fluctuation values of the corresponding quantities. In the last
row, the rms of the area, A^S2& is expressed in Å2.
k5
E5
0a
21.0912
0
21.0902
1
20.8478
2
20.3261
rHeH2 11.11 10.92~3.37! 11.10~3.68! 13.97~5.77!
rHeHe 7.86 9.63~4.90! 14.77~6.70! 21.71~7.50!
rHe–CM 5.25 4.95~2.45! 7.46~3.31! 10.90~3.77!
rH2–CM 6.88 8.39~3.10! 6.62~3.49! 7.92~3.66!
cos uHe fl 0.40~0.47! 0.64~0.44! 0.73~0.33!
cos uH2 fl 0.51~0.54! 20.05~0.70! 20.22~0.55!
rms(S) fl 43 53 91
aFrom Ref. 19. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
5525J. Chem. Phys., Vol. 114, No. 13, 1 April 2001 The 4He2H2 complexproduce the ground-state energy but their results also turn
out to be very close to ours, in particular their DMC
results.19
In Table III we list several properties of the bound states
of the trimer obtained by using the DGF method. The fol-
lowing comments are in order:
~i! We report results for three bound levels in spite of the
fact that only the first two are lower than both disso-
ciation thresholds. The reason to include the third
~ghost! level is its proximity in energy to the HeH2
dimer;
~ii! the floppiness of the molecular structure is clearly vis-
ible from the large fluctuation values displayed by
radial and angular quantities: The triatomic structure
is obviously not given by a unique, rigid molecular
structure. The rms of the area also gives an indication
on the size of the triatomic cluster. The corresponding
areas found for the different bound states are of the
order of those reported for the ground state of the
LiHe2 system;16,17
~iii! for k50, the bond distances are not very different
between the three particles, although the H2 is found
to be at a larger distance from any He atom than either
of the helium partners. This is in qualitative agree-
ment with the results of Ref. 19 which are reported in
the first column of the table. This situation is just the
opposite to the k51, 2 cases, where the He–He dis-
tance becomes the largest;
~iv! due to the large fluctuations in the cosine of bond
angles, very high moments become necessary to de-
scribe the corresponding distributions, showing again
the strongly floppy character of this cluster. One
should also notice that the states with k51, 2 chiefly
correspond to a bending excitation of the uH2 angle.
In particular, the k52 state presents a marked linear
geometry in which the hydrogen is placed in between
the helium atoms.
FIG. 3. Computed radial distributions along the internal coordinates of the
triatomic complex obtained from the variational DGF expansion discussed
in the main text. The distributions refer to the ground state of the complex.Downloaded 23 May 2013 to 161.111.22.69. This article is copyrighted as indicated in the abstract.The ground-state (k50) pair distributions are given in
Fig. 3. One clearly sees there the agreement with what we
have mentioned above and found by the VMC–DMC calcu-
lations of Ref. 19: The distribution of H2 with respect to
either 4He atoms peaks much further out than the pair
4He–4He distribution. Our current calculations that used a
DMC approach to obtain radial observables for clusters with
a larger number of He atoms indeed appear to confirm the
present findings.30
The use of the pseudo-weights defined in Eq. ~19! fur-
ther allows us to obtain a more appealing pictorial view of
the possible geometries which contribute to the description
of the present system. A summary of the leading triangular
configurations is reported in Fig. 4, while their relative im-
portance is listed in Table IV for the ground, k50 level.
Such configurations were selected taking into account the
centers of the Gaussian functions and allowing a tolerance
given by the grid step. We see that the scalene configurations
~marked S in Table IV! provide by far the largest contribu-
tion to the description of the system, ~;60%!. However, the
two isosceles structures @marked I (1) and I (2) in Fig. 4 and
Table IV# also provide sizeable contributions, accounting for
;25%, while the equilateral structure is almost negligible.
FIG. 4. Families of triangular configurations obtained from the dominant
Hartree-type basis functions, Eq. ~7!, employed for the ground state of the
complex. Their corresponding pseudoweights are given in Table IV.
TABLE IV. Computed sum of pseudo-weights, Eq. ~21!, for the different
configurations collected in Fig. 5, corresponding to the ground trimer state.
The S runs over all the triangle structures belonging to a given configura-
tion. The highest contributing structure to each family of configurations is
also listed in terms of pair coordinates, Ri , defining the Gaussian centers, as
well as the corresponding atom distances from the GC, rX–GC . All distances
in Å.
S j8P j
(0) ~%! R1 R2 R3 rH2–GC rHe1–GC rHe2–GC
C (1) 4.77 7.9 9.3 17.0 1.0 8.3 8.7
C (2) 6.14 8.6 13.0 5.1 7.1 1.8 5.9
I (1) 13.42 7.9 8.6 4.4 5.3 3.1 3.7
I (2) 12.46 8.6 10.0 7.9 5.6 4.4 5.3
E 1.09 7.9 8.6 7.9 4.8 4.4 4.8
S 62.13 8.6 10.0 4.4 6.0 3.1 4.3 Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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roughly weight 10% and, therefore, also play a role.
To carry out this analysis even further, we present in
Table IV, for the k50 state, the values of the atom–atom
distances and of the partner distances from the GC shown by
the dominant configuration which occurs within each family
of triangles analyzed in the table and shown in Fig. 4. By
looking at the rH2–GC distance in the most important trian-
gular configurations ~S, I (1), and I (2)), one immediately re-
alizes the agreement with the maximum of the radial distri-
bution reported in Ref. 19 which was found at
rH2–GC;5.82 Å. Furthermore, we see that the distances of
H2 from the GC, which correspond to keeping it closer to
GC, (C (1)) or further away, (C (2)) than the two helium at-
oms, indeed belong to configurations where the overall shape
of the complex tends to be quasilinear. They have a very
small but finite probability, in agreement with the conclusion
reported by Ref. 19. Moreover, the average of the distances
defined in Eqs. ~13!–~15!, ^rX–GC&, become 6.30 Å for H2
and 5.89 Å for the He atom, the fluctuations being 2.33 and
2.40 Å, respectively. Thus, these results suggest that the
dominant configurations indeed correspond to the helium at-
oms being closer to the GC than the H2 impurity, as ob-
tained by the Monte Carlo calculations19 and indicated by
our radial distributions of Fig. 3.
V. POTENTIAL SCALING AND EFIMOV STATES
As discussed in our previous work,16,17,21,22 one of the
additional interests for the weakly bound three-body aggre-
gates relates to the earlier studies in nuclear physics carried
out by Efimov.31 In this context, a special effect was sug-
gested to occur whenever each dimer involved in the tri-
atomic species has no bound states but does exhibit a zero
resonance. The ensuing Efimov effect amounts to a situation
where the 3B system can now support infinitely many bound
states which can accumulate at the dissociation threshold.
The corresponding total wave function for the system
thereby acquires a very extended spatial distribution over the
fairly compact range of action of the full 3B interaction
given by a sum of 2B potentials. In the case of an identical
particle system ~with, therefore, only one 2B potential in-
volved! one can gauge the features of the full interaction by
introducing a strength parameter l. In contrast with the stan-
dard, expected behavior of common bound states, the
Efimov-type states gradually disappear with increasing l.
The purpose of this section is to analyze the feasibility of
the existence of Efimov-type states in this trimer. The usual
procedure is to vary l and then to estimate the number,
NE(l), of such diffuse states through the following
expression:31
NE~l!5
1
p
ln
ua0~l!u
r0~l!
, ~21!
where a0 is the scattering length at zero energy for s-wave
scattering, and r0 the effective range of the l-scaled 2B in-
teraction. Only when NE is found to be close to or greater
than unity the 3B system would be expected to show the
presence of Efimov states. This prescription works fairlyDownloaded 23 May 2013 to 161.111.22.69. This article is copyrighted as indicated in the abstract.well in the case of boson helium trimers,21,22,32 as well as in
the 6Li4He2 system.16 However, the isotopic counterpart sys-
tem, 7Li4He2 , shows the presence of an Efimov-type state
for l values close to one in spite of a value of NE;0.4 found
for the 7Li4He dimer.16
One way of extracting a0 and r0 is to fit the behavior of
the phase-shift to the expression33
k cot h0~k!52a0
211 12 r0k
210~k4!, ~22!
where h0(k) is the s-wave phase-shift, estimated through a
Numerov propagation in the continuum, at the collision
wave-vector k. In the present situation for the 4HeH2 poten-
tial, however, the simple definition of above does not apply
since r0 cannot be defined for a potential falling off to zero
as r24 like in this case.34 By using the modified effective
range theory, however, the scattering length has still physical
meaning,35,36 and can be obtained by reaching numerical
convergence for the s-wave phaseshift calculations as k goes
to zero. In the present case, when l51.0, a value of 10.303
Å was found for a0 .
The calculated dependence of a0 on a range of l values
for the 4HeH2 dimer is reported in Fig. 5, where the results
clearly show that the criticality needed for the presence of
Efimov-type states occurs with a modified 2B potential the
strength of which has become unrealistically small ~l;0.34!.
It, therefore, follows that the present triatomic complex does
not seem to show Efimov-type diffuse states unless its over-
all strength is unrealistically reduced.
Another feature of the diffuse bound states of the 3B
systems, when analyzed in terms of 2B potential details, in-
volves the location of halo states, i.e., of the presence of
‘‘local’’ 3B bound states when neither of the 2B potentials
supports, when alone, either bound states or zero-energy
resonances. In the present case we know that the helium
dimer potential already does not support anymore a bound
state for l,1 but very close to it. On the other hand, a very
strong variation of the 2B potential of the ionic dimer within
FIG. 5. Effects of potential scaling on the 4HeH2 properties: Behavior of its
J50 bound state and the s-wave scattering length as a function of the l
values. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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see Fig. 5!. Through the onset of the dimer bound state,
which in turn coincides with the critical behavior of the scat-
tering length, we clearly see again that one needs to dramati-
cally reduce the 2B potential strength in order to be able to
locate halo states in the trimer system. Given the unrealisti-
cally reduced interaction, it is very unlikely that the ‘‘exact’’
interaction within the 4He2H2 complex could give rise to
such a special type of bound state.
As was mentioned earlier,16 some caution about the re-
liability of the prediction of the number of Efimov-type 3B
bound states from 2B properties, as given by Eq. ~21!, may
be in order here. In Fig. 6 we show the energy dependence of
all the relevant bound states by plotting the energy values,
Eb , as a function of the l parameter. The global prescription
for scaling the strength of the 3B interaction is given as
V~R1 ,R2 ,R3!)lV~R1 ,R2 ,R3!
5lFVHe2~R3!1(i51
2
VHeH2~Ri!G . ~23!
We clearly see in Fig. 6 that, at least in the limited po-
tential region where l is varied at most by 20%, the first
excited state below the 4HeH214He dissociation channel,
labeled as E3B
(1) in the figure, stays well below the dissocia-
tion threshold and never tends to disappear into the con-
tinuum of the first dissociation. The next excited state, la-
beled here as E3B
(2) is clearly above, but close to, the first
threshold for dissociation and only crosses it in the vicinity
of l51.1.
We also carried out a sort of two-dimensional analysis of
the potential strength dependence of the bound states of the
trimer complex, this time by varying separately the 4HeH2
and HeHe diatomic potentials. The corresponding potential
scaling, therefore, becomes
FIG. 6. Dependence of the complex bound state energies on the global
strength of the PES as defined by Eq. ~23!. See main text for meaning of
symbols. All energies are in cm21.Downloaded 23 May 2013 to 161.111.22.69. This article is copyrighted as indicated in the abstract.V~R1 ,R2 ,R3!
)@l1VHe2~R3!1l2VHeH2~R1!1l2VHeH2~R2!# , ~24!
and the results are reported in Fig. 7. The six panels show
only the variation of the E3B
(2) in comparison with the first
dissociative threshold, i.e., the EHeH2 binding energy. In the
upper three panels the strength of the 4HeH2 2B potential is
kept fixed in each panel while the strength of the 4He2 2B
potential is varied. The complementary changes are shown in
the lower three panels of Fig. 7.
One clearly sees that the strengthening of the helium
dimer potential changes rather little the overall binding en-
ergy of the 3B excited state which varies instead rather mark-
edly as the HeH2 interaction changes its strength ~lower pan-
els!. On the other hand, the increase of the weaker 2B
potential strength by only 2% or 3% shifts very clearly the
E3B
(2)
, as indicated in the upper three panels. One also ob-
serves there that the dependence of the binding energy on the
strength of the He2 potential is really very weak, as already
surmised by the results of the lower panel. In all examples
shown there is no appearance of Efimov-type features for the
3B excited state under consideration, as already expected by
the previous scattering length calculations.
FIG. 7. Two-dimensional dependence of the complex second excited-state
energy, E3B
(2)
, in comparison with the location of the lower dissociation
threshold, EHe2H2
(0)
. The upper three panels show their dependence on the
variation of the strength parameter of the 4He2 interaction at fixed values of
the 4HeH2 interaction, as given by Eq. ~24!. The lower three panels show
the results for the potential changes of the 4HeH2 interaction at fixed 4He2
potential strength values. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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possible consequence of strengthening the 2B forces in the
calculation of the PES of the ionic trimer would be that of
making the two, already existing, bound states of the trimer
even more strongly bound and to induce the eventual appear-
ance of an additional third bound state. It deserves, however,
some consideration the further possibility of directly per-
forming ab initio calculations of the full PES involving the
additional 3B contributions in order to assess the reliability
of the results obtained through the use of the simple pairwise
interaction of Eq. ~2!.
VI. THE FULL TRIATOMIC INTERACTION
In order to have a better understanding of the full PES
features, preliminary ab initio calculations have been per-
formed using the basis set of Ref. 37, uncontracting the func-
tions used there and adding a set of diffuse functions
@(2s ,2p ,2d) on He, (6s ,6p ,6d) on H#. All calculations were
performed using the MOLPRO chain, at coupled-cluster single
double triple ~CCSD-T! level, which means that the effect of
triple excitations is taken into account in a perturbative
way.38 In a previous study of HeH2 it was noticed that,
among the different perturbative treatments of triples avail-
able in MOLPRO, CCSD-T gives the results that were the
closest to FCI.15
These full calculations have been carried out for selected
geometries and started with the D2h symmetry. The angle
was then moved away from the T-shape geometry but for a
limited range of He–He and He–H2 distances. Figures
8~a!–8~c! show a comparison between the selected points
obtained from the full interaction and the same values from
the surface as computed by using the simpler sum of Eq. ~1!.
The three subfigures refer to three different values of the
He–He distance and each of them shows four different pan-
els at different values of the Jacobi angle and over the range
of H2 distances taken from the midpoints of the 4He2
dimers. The solid lines show the behavior of the potential
when obtained as a sum of 2B interactions, while the dotted
lines refer to the full ~2B13B! calculations. The following
information could be gathered from the comparison:
~i! In the region of quasi-collinear geometries ~small u
values! the effects coming from the full interaction
appear to be rather small as the dashed lines follow
fairly closely the solid lines for all He–He distances;
~ii! the onset of the repulsive wall and the location of the
well are affected by 3B forces mostly in the region of
triangular structures close to the isosceles geometry.
In fact, the ~2B13B! calculations appear, in all panels
with u560° and 90°, to yield interaction potentials
which have deeper wells and softer repulsive walls.
Although we are here talking about fairly small effects,
they are rather marked at the geometries close to the
T-shaped complex when one considers the weakness of the
whole interaction. Thus, by carrying out our initial study via
an overall PES obtained as a sum of 2B forces, we should be
aware of the fact that we are possibly constructing interac-
tion forces which are less attractive and more repulsive thanDownloaded 23 May 2013 to 161.111.22.69. This article is copyrighted as indicated in the abstract.full calculations would indicate. From the model analysis of
the previous section on the effects of l scaling, however, we
can already say that no more than one additional third state
would become bound for a set of a more strongly interacting
three particles. One should also note here that the explor-
atory calculations reported in this section do not intend to
fully analyze the effects of 3B forces but simply to point out
the likely corrections to the binding energy values which
they are inducing in the present system.
VII. PRESENT CONCLUSIONS
In this work we have shown the structure of the bound
states of a very floppy trimeric complex in its ground elec-
tronic state, the 4He2H2 complex, by using both Jacobi co-
ordinates within a DVR representation and pair coordinates
with a DGF expansion. Assuming a pairwise form of the
overall PES, we have presently looked at the J50 situation
and found very good agreement between the two types of
calculations: two bound states with respect to the lower dis-
sociation threshold were found to exist. The lower bound
state was also found to be in very good accord with other
DMC calculations, thus providing an independent check for
the present results, as seen in our Table II. Therefore, the
remarkable convergence of results when using three, entirely
different, computational methods, shows that the results from
these methods have become highly reliable.
The use of a DGF expansion allows us to easily gain
some further information on the spatial properties of the
present complex since it gives us specific values for the ra-
dial size of the bound states, indication on the most preferred
three-particle configurations which can describe the complex
and possible comparisons with the results obtained from the
DMC calculations of Ref. 19. The examination of our data
vis a´ vis the suggestions made from DMC calculations, for
the ground state, indicates once more good agreement be-
tween the two sets of results ~e.g., see Table III!. The most
likely configuration turns out to be the scalene triangular
shape followed by isosceles arrangements, with the H2 im-
purity outside the two 4He atoms and further away. The
probability of quasilinear structures, finally, is small but fi-
nite from both types of computations.
We have also looked into the likelihood for the present
system to exhibit excited states with Efimov-type behavior as
discussed by us in the case of other, very weakly bound,
three particle complexes.16,17,21,22 For this purpose we have
examined the critical behavior of the s-wave scattering
length, at vanishing collision energies, for the 4HeH2 poten-
tial as its strength is varied. We have found that the corre-
sponding a0 value appears to show criticality only for an
unrealistically weakened 2B potential. The same potential is
also shown to be able to possibly have halo states only when
its strength is reduced by strong factors, hence making the
above effects unlikely to occur for any realistic choice of the
HeH2 interaction. We have also reduced the overall strength
of the global pairwise potential and found that none of the
bound states disappear through the threshold for the lower
dissociation channel. We can conclude, therefore, that the
4He2H2 is very unlikely to show the presence of Efimov-
type states. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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DowFIG. 8. Computed full interaction at selected geometries, in Jacobi coordi-
nates, for the 4He2–H2 complex. ~a! For the He–He distance of 5.0 bohr;
~b! For an He–He distance of 6.0 a0 and ~c! For an He–He distance of 7.0
bohr. The solid lines labeled ‘‘2B sum’’ refer to the potential from Eq. ~1!
while the dashed lines labeled ‘‘3B’’ report the full ab initio CCSD-T
calculations.nloaded 23 May 2013 to 161.111.22.69. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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seen to cross the threshold for the lower dissociation channel
at moderate strengthening values, l;1.1, suggesting that
such a state could become an actual bound level if the 3B
forces were to be properly included. The contribution of such
forces on the full interaction has been analyzed at a prelimi-
nary level by carrying out additional CCSD-T calculations
for a set of selected geometries of the three-particle complex.
A comparison of such computations with the interaction ob-
tained instead as a sum of 2B terms showed that, especially
for the nuclear configurations near to the T-shape geom-
etries, the 3B forces are not negligible and cause the correct
interaction to be both more attractive in the well region and
with a ‘‘softer’’ repulsive wall. Thus, we expect that the
present pairwise PES is likely to be qualitatively correct,
although room for improvement still exists at the quantitative
level.
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